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of the research work of the dissertation of the candidate Aizhan Kassym with title
Weighted estimates for singular differential operators in function spaces. Submitted
for the Degree of Doctor of Philosophy (PhD)
in the speciality 6D060100 Mathematics

The dissertation is devoted to the analysis of linear ordinary differential
operators of second order with variable coefficients on the real axis or on half lines of
the real axis.

The candidate first formulates appropriate conditions that imply the existence
of a closed injective extension in case both the coefficients of order zero and one can
change sign, but cannot vanish almost everywhere in any increasing half-line.

Here we mention that previous contributions had been given by
R.D. Akhmetkaliyeva, K.N. Ospanov, A.N Yesbayev.

Then the candidate turns to consider the problem of approximating the solutions
of a nonhomogeneous equation that corresponds to the above mentioned extension and
succeeds in doing so by estimating the difference of the solution and the image of an
operator with rank of order at most n in terms of an explicitly defined functional of the
number n.

Then the candidate considers the problem of approximating the solution of a
second order equation with coefficients in a Triebel class in the half line [0, +oo[ and
develops a method to perform local estimates with intervals of variable length. The
candidate first consider the corresponding differential operator on the functions with
compact support and shows that such a restriction has a closed extension and then that
the so-obtained extension has an inverse that is bounded in suitably chosen Banach
spaces.

Then the candidate turns to estimate a counting function based on the sum of
the k-linear widths that are above a certain number and the corresponding estimates are
non trivial.

Then the candidate proves a coercive estimate with norms in spaces of
multipliers for a second order differential operator on the positive halfline.

Finally the candidate proves a coercive estimate for a Sturm-Liouville operator
and proves coercive-type estimate that improve considerably the known results on the
topic.

Throughout the dissertation, the candidate shows to be able to master advanced
techniques of real and functional analysis in a class of problems on
a domain that is not compact and the mathematical level is certainly high.



Iy
s

he relevance of the analysis of second order differential operators in the applications
we]l known and the candidate has actually developed new ideas.

E In conclusion, I believe that the work of A. Kassym for her Ph.D. Dissertation
satisfies the requirements for a Ph.D. Thesis and that the candidate has shown to have

the mathematical maturity that is necessary to carry out independent research.

Padova
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PhD, Professor
Massimo Lanza de Cristoforis.
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Ha auccepraumilo Aibkad Kaceim o teme
«BecoBble OLEHKH /ISl CHHTYJISIPHBIX AH(PepeHUHATLHLIX ONEPATOPOB B
PYHKIHOHATBLHBIX NPOCTPAHCTBAXY, NIPEJICTABICHHYIO HA COUCKAHUE CTENECHU
; nokropa ¢punocodpuu (PhD) no cnermmansioctn «6D060100 Maremaruka»

Juccepraums MOCBSIIEHA aHajmsy JIMHEHHBIX 00OBIKHOBEHHBIX
anddepeHIManbHEIX  ONEPaTOPOB  BTOPOr0  MOPSAKA C  MEPEMEHHBIMH
k03 pumenTamu Ha BCel ACHCTBUTEIBHOM OCH WIIH HA MOJYOCAX JEHCTBHTEILHOM
OCH.

Conckarenb cHadana (GOpMYJIHPYET COOTBETCTBYIOIIUE YCIOBHS, BICKYIIHE
CYHISCTBOBAHUE 3aMKHYTOr0O MHBEKTHMBHOIO IIPOJO/KEHMs B  Cllydae, Korjia
KO3()(PHUIMEHTH! HYJEBOIO M MEPBOr0 MOpAAKa MOI'YT MEHATH 3HAK, HO HE MOIYT
o0pamarbcst B HYJIb TIOUTH BCIOY HU HAa OJHO BO3PACTAIOLICH MOTYOCH.

OrMeruM, 4YTO paHee BKIaad B 3TOM HampasieHuu Obin caeman P.JI
AxmerkanueBoi, K.H. Ocranossim, A.H. EcOaeBbiM.

3areM COMCKarelb paccMarpuBacT 3aJady anmpoKCUMAlMHd PEIICHHA
HEOJHOPOJIHOTO YPaBHEHUS!, COOTBETCTBYIOIIETO YKA3aHHOMY BBIIIE MPOIOJIKEHUIO, H
VCHEIIHO peaeT €€, OUeHUBas pasHOCTh MEKIAY pelieHHeM H o0pa3oMm oneparopa
paHra He BbILIE N Y€PE3 ABHO 3aaHHbIH (PYHKIMOHAJ OT YKCia n.

Jlanee comckarens MCCIEAYET 3a/aqdy annpOKCHMALMM PEIICHUS YPAaBHCHHUS
BTOpOro mnopsjika ¢ koddpduumenramu knacca Tpubens Ha noayocu [0, +oof u
paspabarbiBacT METOA MOJYYCHHS JIOKAIbHBIX OICHOK HA MHTEPBAIaX NMEPEMEHHOMH
JutiHbl. CHavaia paccMaTpUBaeTCa COOTBETCTBYIOMIMIN MU hepeHnaibHbIi onepaTop
Ha (QYHKIMAX ¢ KOMIIAKTHBIM HOCHTEIEM M TIOKA3bIBACTCS, YTO TAKOE OrpaHHYEHHUE
: HMEET 3aMKHYTOE IIPOJIOIKEHHE, [OC/IE YEro J0KAa3hiBAETCHA, 4YTO MONYYEHHOE
- NPOJOJKEHHE UMeeT 0OpaTHbIH OnepaTop, OrpaHUYEHHBIN B MOAXOAAMIKUM 00pa3oMm

3 BBIOpaHHBIX GAHAXOBBIX MPOCTPAHCTBAX.
3areM COMCKaTeab NEPEeXOAUT K OLEHKE CYETHOM (PYHKIMM, OCHOBAHHOH Ha
] CyMME A-JIMHEHHBIX IIHUPHH, MPEBbINAKONIINX 3aJaHHOE YHCIIO; MOJYUYEHHBIE OLECHKH

SABJIIOTCA HETPHBHAJILHBIMH.

; Jlanee couckarenb [JOKa3bIBACT KOIPHMTHUBHYIO OLEHKY C HOpMamMH B
l NPOCTPAHCTBAX MYJIBTHUIUIMKATOPOB I au(epeHIanbHOro oneparopa BTOPOro
TIOPSL/IKA HA HOJIOKHMTENBHOM MOTYOCH.

HaxoHen, couckarenb J10Ka3bIBACT KOIPLMTHUBHYIO OLEHKY Ui Olneparopa
[HItypma—JIuyBWIss ¥ MOJY4aeT OLEHKH KO3PUMTHBHOIO THIA, CYIIECTBEHHO
YIy4IIarOnMe U3BECTHBIE PE3YJIbTATHI 110 JAHHON TEMaTHKeE.

Ha nporsskenuM BCel JMCCEpTALMHM COMCKATENb JAEMOHCTPHPYET BIIAJICHHUE
NPOJBHHYTHIMH METOJAaMH BELIECTBEHHOr0 U ()YHKIIMOHATBLHOIO aHajiu3a B 3aj1a4ax,
paccMarpuBaeMbiX Ha HEKOMIIAKTHOW 00J1aCTHU, M MaTEMaTHYECKHH YPOBEHb paboThI,
6e3yCcnoBHO, BBICOK.




AKTYalIbHOCTh  MCCleioBaHus AU depeHiManbHbIX  0NepaTopoB  BTOPOTO
nopsijka B MPHIOKCHHIX XOPOIIO H3BECTHA, U COMCKATENIb ACHCTBUTEILHO Pa3BHII
HOBBIE HJICH.

B 3akmrouenue cumraro, uto pabora A. KaceiM, mpeicTaB/icHHas B Ka4e€CTBE
PhD-muccepranuu, yaosaerBopsieT TpeGOBaHUAM, NPEABIBIAEMBIM K IHCCEPTALMAM
Ha creneHb PhD, a comckarens NmpoJeMOHCTPUPOBAT MaTEMaTHYECKYIO 3PEIOCTb,
HEOOXOIUMYIO JUIsl CAMOCTOATENbHON HayIHO paboThl.

[laoga,

PhD, npodeccop
Massimo Lanza de Cristoforis
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